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1. Let {x,}, be a sequence of real numbers de ned by

2+ Xp
1+ X,

X1 >vV2 and  Xpeq =

Prove that the sequence {x,}X, converges and nd its limit.

2. Let T :[a;b] — R be a continuous function and :[a;b] — R be an increasing function. Prove that
T is integrable with respect to on [a;b].

3. Let f:(0;1) — R be a nonnegative smooth function such that it vanishes, f(a) = f(b) = 0, at two
distinct interior points a;b € (0;1). Prove that there exists a point ¢ € (0;1) such that f%(c) = 0.

4. Let {f,} 1, be a sequence of continuous functions f, : R — R such that Iiml T (t) = £(t) for all
nt
t € R. Suppose that

O <fhO<HEH<- - << Viek

Prove for every sequence {tx } =, of real numbers converging to a real number t, that is, if limys 1 tx =
t, there holds

imi > ;

Ilkng |1nff(tk) > f(t)

5. Let f : C — C be an entire function. Show that if there is a real constant K such that
If(2)| < K|z| for all z € C;

then there is a real constant C such that f(z) = Cz for all z € C.

6. Let f : D — C be an analytic function in a region D. Show that if f'(zo) # 0 at some interior point
Zo € D, then T is not constant in a neighborhood of any point z € D.

7. Let T : C — C be an entire function. Show that if Imf(z) <0 for any z € C then T is constant.

8. Let f : D — C be an analytic function in a compact region D. Show that the modulus |f| has a
minimum value in D that occurs on the boundary @D of the region D.
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Let f;g : D — C be two analytic functions on a region D. Suppose that T is injective (one-to-one)
and f%(z) # 0 for any z € D. Let C be a simple (without self-intersections) closed contour in D
oriented counterclockwise and z, be a point inside C. Show that

|
1 dz 9(2) _ 9(20) |

20 ¢ f@@)—Ff() ()

Let T : D — C be an analytic function in a region D. Let z, be a point in D and C be a su ciently
small circle in D centered at z, oriented counterclockwise. Show that if £'(z,) # 0, then
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Let C be the circle centered at the origin oriented counterclockwise. Let T; g be two functions analytic
outside the circle C. Suppose that they have the following limits at in nity

le!rri f(z) =0; le!nl zg(z) = 1L

Show that 1 |
—  g(2)e"@dz=1:
C

2 1
Let C be the a circle of radius 8 centered at the origin oriented counterclockwise. Evaluate the
integral I
| = 1 dz tanz:
21 '
C

Let C be the a su ciently small simple closed contour not passing through the origin oriented

counterclockwise. Evaluate the integral

|
: 1 dz "
"2z z
C

where n is an integer. Consider the casesn >0;n=0;n <0.

Show that for 0 <p <1 Z .

1dxl+ex ~sin(p )

ePx

Let sign : R — R be a function de ned by

8 :
< 1, if1>0;
sign(1)= _ 0; if 1 =0;
- -1, if1<0:

Show that 1 in(1%)
sin(Tx .

= _ 1)
) dx ” 2S|gn(.).



22. Let p;q be two positive real numbers such that 0 < p <. Show that
YA 1

xP 1 1
dx = —
0 1+Xx% g 8
23. Let ; € R be two real numbers. Use principal value integrals to show that
Z dx
aleos( ) —cos( )= -5 ( [-| D

0

24. Let p;c € R be two positive real numbers such that 0 <p <1 and ¢ > 0. Show that
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